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Multiple scattering distributions were measured at 

Fermilab energies with various targets from hydrogen to 

lead. Results are presented and compared with pre- 

dictions of Moliere, Mayes et al., and Highland. 

- 



-2- 

INTRODUCTION 

Multiple Coulomb scattering of charged particles in matter is 

described by a number of theoretical treatments, with those of 

Molierer8' and Nigam-Sundaresan-Wu3 (NSW) being the most familiar. 

The various theories differ mainly in their treatment of the single 

scattering law. The Rutherford approximation should be altered to 

include screening and scattering by atomic electrons, relativistic 

and quantum effects, target recoil, and nuclear scattering. The 

NSW method uses the second Born approximation to a screened expon- 

ential potential for the single scattering law. The Moliere method 

is independent of the exact form of the single scattering~law, but 

contains a model-dependent parameter representing the atomic 

screening. Since the two methods agree closely,' we shall not 

consider the NSW method in our comparisons. 

Moliere calculates his screening parameter by using the 

Thomas-Fermi potential with the WKB method. Calculations by Tsai' 

show that this potential adequately describes the atomic screening 

for elements with atomic charge 2 2 5. For higher Z elements, the 

l/e angles (the scattering angles at which the distributions fall 

by l/e) predicted by Moliere are consistent with previous experi- 

mental measurements.6 Mayes et a1.6 find somewhat better agreement 

at lower Z if the Moliere screening parameter is modified empir- 

ically. 

Yet to be resolved are disagreements in the tails of the 

distributions7 and in the l/e angles for low Z elements.6 Data for 
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2 55 presently exist only for lithium and beryllium and then only 

with electron projectiles, for which scattering by atomic electrons 

has a significant effect. The lack of hydrogen data is surprising, 

considering its widespread use in high energy physics experiments. 

Finally, no published data exist above 600 MeV incident energy. 

(Present theories predict a factor of l/p as the only momentum 

dependence, where p is the projectile momentum.) 

In this paper we present measurements of the multiple scat- 

tering l/e angles for incident pions, kaons, and protons at momenta 

of 70, 125, and 175 GeV/c on targets of beryllium, carbon, alumi- 

num, copper, tin, and lead; and at momenta of 50 and 200 GeV/c on 

hydrogen. These angles are compared to the predictions of Moliere, 

Mayes et al. and to the Highland formula in "Review of Particle 

Properties."" ' 

APPARATUS 

These data were taken as part of a Fermilab experiment to 

measure small angle scattering of pions, kaons, and protons by a 

variety of targets. The details of that experiment are described 

elsewhere.'O For the purposes of this paper, only a portion of the 

apparatus is relevant. 

The relevant apparatus, shown in Fig. 1, consisted of two pro- 

portional wire chambers (C) upstream of the target, and two similar 

chambers downstream. Each chamber contained planes in x and y 

(hori;.ontal and vertical axes perpendicular to the beamline) with 

an effective wire spacing of 0.2 mm. The rms resolution of the 

- 
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projected scattering angle is 26 urad. Three upstream Cerenkov 

counters identified the incident particle. The momentum width 

(Ap/p) of the incident beam was less than 1.0% FWHM. 

The trigger simply required the combination of scintillation 

counters SlS2 * (viii) (Fig. 1) along with other beam-defining 

counters (not shown) much further upstream, and a Cerenkov signal. 

Off-line, an event was required to have one and only one hit per 

chamber plane. 

ANALYSIS 

The proportional chambers give the incoming and outgoing 

directions of the incident particle, and hence the scattering 

angle. The chamber wires effectively quantize the track angles, 

producing undesirable structure in the scattering angle distribu- 

tion when projected along x or y. To reduce this effect, we choose 

to use the unprojected scattering angle distribution. The reason- 

able chi squares of our fits support this choice. 

A potential problem in measuring the width of the unprojected 

angle distribution is the importance of correct chamber alignment; 

the distribution must be symmetric about the incident direction. 

This potential problem is eliminated by considering differences 

between consecutive events rather than each event singly. Thus for 

each chamber plane, the experimental quantities of interest are the 

coordinate differences between consecutive events instead of the 

coordinates themselves." 
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In a single event, the chamber coordinates are ordinarily used 

in a straightforward way to determine the scattering angle, which 

for small angles can be represented by a two-dimensional vector 

5 = (ox,“y). (1) 

If one follows the same procedure using coordinate differences 

instead, the result will be the vector difference between con- 

secutive scattering angles. Thus, if we denote the event number by 

a subscript, 

Gi = 6i+l -zi. (2) 

While ; is the vector difference between scatters by the 

target in successive events, we can imagine the two scatters as 

occurring in a single event by two identical targets. The scatters 

are symmetric about the origin, so the vector sum of the scatters 

will have the same distribution as the vector difference. Thus, 

for multiple scattering by a target of thickness a, if 8 has a 

distribution f(0, a.) then I$ will have the distribution f(@, 2~). 

In sum, the experimental distributions obtained by considering 

differences between consecutive events should be compared with 

theoretical predictions corresponding to targets that are twice the 

actual thicknesses. 

For the target thicknesses in this experiment, the Moliere 

distribution is well approximated by the three-parameter function" 

- 
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@ = exp A da C 
- (l+c) (G*/oe*) + c (Q4/Be4) 1 (3) 

for angles up to 28,' where Se is the l/e angle. This function is 

folded, at each momentum, with the angular distribution obtained 

with the target removed. The parameters are then adjusted to give 

the best fit between the result of the convolution and the distri- 

butions observed with the various targets. This procedure, 

effectively an empty-target subtraction, removes effects of angular 

resolution and scattering outside the target. Typical fits (for 

hydrogen and lead) are shown in Fig. 2. 

Allowing all three parameters to vary gives a best-fit value 

for C that is consistent with the Moliere prediction." However, 

the presence of local minima makes it difficult for the minimizing 

program (MINUIT) to find the best fit without occasional external 

guidance. Since the standard error of C is large (comparable to the 

value of C), and since the best fit value is consistent with theory, 

we choose to fix C at its predicted value in our fits to determine 

oe. These predicted values of C are given in Table I. 

RESULTS AND CONCLUSIONS 

Properties of the targets used in this experiment are pre- 

sented in Table I. Twice the actual thickness is about 0.1 

radiation length in all cases. 

The ratio, R, of the fitted Se values to the Moliere pre- 

diction for the various targets and projectiles is presented in 

- 
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Table II. As expected, we observe no Statistically significant 

difference due to projectile type. To quantify this, we compute 

the quantity 

D ab = (R,-Rb)/(R, + Rb) (4) 

for projectiles a and b at each momentum, combining the results 

from the various targets. The results, presented in Table III, 

show Dab is consistent with being zero for projectiles of different 

type - We are then justified in consolidating data with different 

projectile types. The consolidated results " are presented in 

Table IV. Inspection of Table IV reveals no momentum dependence, 

so we further consolidate results from different momenta in Table V 

and Fig. 3. 

The tables and Fig. 3 contain statistical errors only. We 

estimate the systematic error (mainly from the uncertainty of the 

beam momentum) to be less than 0.4%. 

Three experiment-theory ratios are presented in Tables IV and 

V. Along with the Moliere prediction of the l/e angle, we also try 

the empirical adjustment to the Moliere theory given by Mayes et 

al.: and the formula by Highland. The Moliere prediction is 

obtained from equations 22 and 25 of Ref. 2. For the Highland 

formula, we took 

- 
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17.5 Oe = - P 
+ 0.125 loglo(o '; L . R 

19.7 L 

i--r 

- 
=. - 

P i;;;- i + i$ loglo (<, 
1 

, (5) 

where p is the projectile momentum in MeV/c, L/LR is the length of 

the target in ra~diation lengths, and 0, is the l/e multiple 

scattering angle in radians. The numerical constants in Eq. 5 were 

chosen by Highland in order to agree with Moliere in the domain of 

high 2 and 0.001 < L/LR < 10. 

The Moliere prediction is in excellent agreement with the 

data. Although the Thomas-Fermi potential is not expected to be 

applicable at very low 2, we find excellent agreement even for 

hydrogen. 

The Highland formula is in poorest agreement with hydrogen, 

although it is within his stated uncertainty of 20%. In the High- 

land formula, the target depende~nce enters by way of the radiation 

length, instead of a model-dependent function of Z as in the case of 

Moliere. Two targets having the same radiation length will produce 

equal scatteirng widths, independent of Z. At low 2, the Highland 

relationship between multiple scattering and radiation length might 

still be expected to hold. The disagreement of our hydrogen 

measurement with Highland, however, suggests either that this rela- 

tionship does not hold at low 2, or that the value for the hydrogen 

radiation length is not correct. 

- 
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The radiation lengths used were taken from "Review of Particle 

Properties" and were originally calculated by Tsai in Ref. 5. The 

radiation length for hydrogen is calculated using the atomic wave 

function. The molecular wave function yields a shorter radiation 

length" which increases the disagreement. 

We find good agreement with all theories for the high Z 

targets. 

The current "Review of Particle Properties"'6 has replaced the 

Highland formula with 

a rms =E 
plane P R 

I- 
$ (l+E), 

or equivalently 

‘e 
= J2a ;y;,,=* $(l+s). 

I- R 

(6) 

(7) 

If we set E = 0 (where Eqs. 6 and 7 reduce to the Rossi-Greisen 

formula"), we get values for E, expP theory of about 0.8 at high z 

and 0.74 for hydrogen. 

We emphasize that our results represent a test of standard 

multiple scattering formulations in the domain of extremely rela- 

tivistic, non-electron projectiles, and for L/LR z 0.1. 
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FIGURE CAPTIONS 

Figurel: Plan view of the experiment. The proportional wire 

chambers are labeled C. B1, B2, and VHl are scintil- 

lation counters, with a 3 cm square hole in the center of 

VHl. 

Figure 2: Typical 0 2 distributions. The top distributions were 

obtained with the indicated targets and momenta, while 

the lower ones were obtained with the targets removed. 

The solid curves are the best fitting convolutions of the 

lower distributions with Eq. 3. The dashed lines serve 

only to guide the eye. 

(a) 70 GeV/c negative projectiles on lead. 

x2 = 17.7 for 18 degrees of freedom. 

(b) 50 GeV/c negative projectiles on hydrogen. 

X 2- - 30.6 for 18 degrees of freedom. 

Figure 3: Comparison of experimental l/e angle with the predictions 

of Moliere, Mayes et al. and Highland, as a function of 

2. Experimental error bars are shown only for the 

Moliere comparison since the fractional error at each 2 

is the same in all cases. 

- 
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TABLE I 

Target characteristics. The projectile momentum is p. The values 

of C and pOe are for targets twice the actual thicknesses. 

Target L/LR C 
Predicted pDe (MeV/c) 

Moliere Mayes Highland 

H 0.0589 0.0356 5.46 5.61 6.06 

Be 0.0454 0.0372 4.93 5.07 5.25 

C 0.0482 0.0374 5.12 5.27 5.43 

Al 0.0450 0.0387 5.02 5.17 5.22 

cu 0.0554 0.0397 5.70 5.86 5.86 

Sn 0.0693 0.0406 6.52 6.67 6.63 

Pb 0.0454 0.0443 5.21 5.31 5.25 

- 
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TABLE II-I 

l'he quantity Dab = (Ra - Rb)/(Ra + Rb) for projectiles a and 5. 

Values of D from the various targets available at each momentum 

(see Table II) are consolidated. In addition, projectile charges 

are consolidated for the first three rows and projectile species 

._ are consolidated for the final row. 

50 GeV/c 70 GeV/c 175 GeV/c 200 GeV/c 

-0.007+.018 -0.006+.053 0.05t.17 0.024+.061 

0.001~.011 -0.052c.049 -0.08r.22 -0.019t.065 

-0.003t.020 0.049k.056 0.15k.28 0.054t.077 

0.009t.008 0.002kO.36 -0.03i.10 0.000~.042 
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TABLE IV- 

'The ratio 0 exp'@ theory after consolidating data with different 

projectile types. 

Projectile 
Momentum 

(GeV/c) 

50 

70 
70 
70 
70 
70 
70 

125 
125 
125 

175 
175 
175 
i75 
175 
175 

200 

larget 

H 

Be 
C 
Al 
cu 
Sn 
Pb 

Be 
Al 
Pb 

Be 
C 
Al 
cu 
Sn 
Pb 

H 

Moliere 

0.993i.008 

1.00+.04 
1.06+.04 
1.02k.03 
0.98t.03 
1.03c.02 
0.99i.02 

0.99t.12 
0.97k.10 
0.99k.08 

1.09k.08 
0.902.09 
0.96k.07 
1.04k.06 
0.922.05 
0.92+.06 

1.04i.04 

Q exp" theory 

Mayes 

0.966+.008 

0.97k.04 
1.03+.04 
0.99t.03 
0.95e.03 
l.OOC.02 
0.97t.02 

0.962.12 
0.94k.09 
0.97k.08 

1.06t.08 
0.87t.08 
0.944.07 
l.Olk.06 
0.902.05 
0.902.06 

l.Olt.04 

Highland 

0.894t.007 

0.94t.04 
1.00+.04 
0.98t.03 
0.952.03 
1.01+.02 
0.98k.02 

0.93_+.11 
0.942.09 
0.98*;08 

1.025.08 
0.842.08 
0.93k.07 
l.Olt.06 
0.91+.05 
0.91k.06 

0.94k.04 

- 
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TABLE V 

The ratio 0 exp'O theory after consolidating data with different 

projectile types and momenta. 

z I 
0 

Target exp/'theory 

Moliere Mayes Highland 

H 1 0.993i.008 0.966k.008 0.894+.007 

Be 4 1.018k.037 0.989t.036 0.9552.035 

C 6 1.026+.040 0.997t.039 0.968+.037 

Al 13 1.008t.027 0.979t.026 0.97Oi.026 

cu 29 0.991+.027 0.9ti3r.027 0.965t.027 

Sn 50 1.010t.021 , 0.986t.020 0.991+.020 

Pb 82 0.981r.022 0.962c.022 0.975*1022 

. 
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